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Mortality is one of the key components in understanding the population dynamics of fish species. Total
mortality is often estimated from the sequential decline observed in cohorts of fish. The methods used to
analyze this decline are collectively called catch-curve methods and form the topic of this vignette.

A general background, including the required type of data, for catch curve analyses is described in Section 1.
The catch curve regression analysis is described in Section 2 and the Chapman-Robson method is described
in Section 3 with a discussion of the relative advantages of the two methods in Section 4. Methods for
comparing the estimates of total mortality between groups is illustrated in Section 5. Finally, an appendix
is given with a derivation for the Chapman-Robson method.

This vignette requires functions in the FSA and NCStats package maintained by the author. These
packages are loaded into R with,

> library(FSA)
> library(NCStats)

1 Background

1.1 Longitudinal Data

In the statistical literature, longitudinal data is data that occurs from extracting multiple samples from the
same group of individuals over time. Thus, catches of fish from the same cohort over time is longitudinal data.
Following a single cohort of fish over time is the same as following a a group of fish in a closed population
that is not subject to inclusion of “new” individuals through the birth process. Catch curve analysis is used
to estimate total mortality by observing the regular decline in individuals in a cohort.

The decline in individuals in a cohort can be theoretically modeled with a modified continuous exponential
growth model. This model assumes that the population is closed to emigration and immigration and it will
be modified to assume that no fish can be added to the population. Thus, the population is only affected
by the loss of individuals to mortality. Therefore, the instantaneous growth rate parameter in the model is
replaced with an instantaneous total mortality parameter (Z) so that the modified model looks like,

N; = Noe= 7 (1)

where N, is the population size at time ¢ and Ng is the initial population size.

The modified model (1) can be further modifed by considering the relationship between population size and
catch,

where C; is the catch at time ¢t and v represents a constant proportion of the population that was “vulnerable”
to the fishery. This relationship is then substituted into (1) to reveal



The shape of this model is shown in Figure 1-Left.
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Figure 1. Ideal plots of catch versus age (Left) and the natural log of catch versus age (Right) for a single
cohort of fish. The right graph is called a longitudinal catch curve. The change in log(C}) for a unit change
in t is emphasized on the catch curve to reinforce the idea that the slope of the idealized catch curve is Z.

Natural logarithms of both sides of (2) yields,

log(Cy) = log(vNy) — Zt (3)

which is in the form of a linear equation with log(C}) on the y-axis and ¢ on the x-axis (Figure 1). Of great
interest in (3) is that the negative of the slope of the relationship between the natural log of catches at time
t and time in this model is Z. Thus, the negative of the slope of the regression between log(C}) and ¢ is an
integrative measure of the instantaneous total mortality rate experienced by this cohort of fish over time.
The specifics of this regression methodology are discussed below.

1.2 Cross-Sectional Data

Let’s broaden our perspective a bit and explore several cohorts of fish at once. In doing so, let’s assume,
in addition to the usual assumptions of a closed population and a constant Z, that each cohort starts with
the same number of fish (i.e., Ny is the same for each cohort). For example, the catch of the hypothetical
1990 year-class arranged by age and capture year is shown on a diagonal in Table 1. The catches of other
year-classes is shown in the same table.

The number of fish of each age in any given capture year is shown within a column of Table 1. Upon
closer examination it can be seen that the vector of catches at each age within a given capture year (i.e., a
column in Table 1) is the same as the vector of catches at each age (or time) of a given year-class of fish
(i.e., a diagonal in Table 1). Thus, with the added assumption of a constant initial number of fish for a
year-class, the aged cross-sectional sample from a given capture year will yield the same estimate of Z as
the longitudinal sample of a cohort.



Table 1. The hypothetical catch of fish by age and capture year. The longitudinal catch of the 1990 and
the partial 1994 year-class of fish are shown by the two sets of diagonal cells highlighted in dark grey. The
cross-sectional catch in the 1997 capture year is shown by the column of cells highlighted in light grey. All
data were modeled with (2) assuming that Ny = 500, Z = ¢~ %7 and v = 0.1.

Capture Year

Age | 1990 1991 1992 1993 1994 1995 1996 1997 1998 1999 2000 2001
0 50.0 50.0 50.0 50.0 @ 80.0 50.0 50.0 50.0 50.0 50.0 500 50.0
1 35.0 1 35.0 35.0 350 350 350 350 350 350 350 350 350
2 245 245 245 245 245 245 | 245 245 245 245 245 245
3 1r1  1r1 171 171 171 171 171 171 171 171 171 171
4 12.0 120 12.0 12.0 | 120 12.0 12.0 120 12.0 12.0 120 12.0
) 8.4 8.4 8.4 8.4 8.4 8.4 8.4 8.4 8.4 8.4 8.4 8.4
6 5.9 5.9 5.9 5.9 5.9 5.9 5.9 5.9 5.9 5.9 9.9 5.9
7 4.1 4.1 4.1 4.1 4.1 4.1 4.1 4.1 4.1 4.1 4.1 4.1
8 2.9 2.9 2.9 2.9 2.9 2.9 2.9 2.9 2.9 2.9 2.9 2.9
9 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
10 1.4 1.4 14 14 1.4 14 1.4 1.4 1.4 14 1.4 1.4

1.3 Characteristics

Longitudinal and cross-sectional catch-curves, and thus all catch curves, have three regions of interest: an
ascending left limb, a domed middle portion, and a descending right limb (Figure 2). The ascending left
limb represents age-classes of fish that are not fully vulnerable to the gear used in the fishery. Fish in these
age-classes are said to have “not fully recruited to the fishery.” The catch of fish in these age-classes are not
useful for estimating the total mortality rate.
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Figure 2. Idealized catch curve (plot of the natural log of catch versus age) illustrating the ascending, domed,

and descending portions. The red dotted line represents the idealized catch curve if all age-classes were fully
recruited to the fishery.

The domed portion of the catch-curve generally consists of age-classes of fish that are nearly, but incompletely,
recruited to the fishery. The relative width of the domed portion provides some insight into the rate of
recruitment. For example, a very sharply pointed dome indicates that the fish recruit rather “quickly” (i.e.,
something similar to the specification of 'knife-edge’ selection that may suggest that the fish grow rapidly
relative to the time or size scale of the x-axis). In contrast, a relatively rounded dome shows that fish recruit
to the exploited phase of the population more slowly, perhaps requiring several years before the mean size of
fish in that year-class is sufficiently large to ensure capture upon encounters with the gear. Fish in age-classes
in the domed portion of the catch curve are also excluded from use when estimating Z. Despite the exclusion



of age-classes in the ascending limb and domed portion of the catch curve it is, however, imperative to have
some animals from these age-classes in your sample, so that you can identify the important descending limb
of the catch curve.

The descending left limb of the catch curve represents the regular decline of fully-recruited individuals in
the fishery. Thus, Z can be estimated by applying the concept of (3) to the catches of fish in the ages
corresponding only to the descending portion of the catch curve.

1.4 Assumptions

As with any model, the analysis of catch curves for estimating instantaneous total mortality rate depends
on a series of assumptions being met. The longitudinal and cross-sectional methods share the following
assumptions,

e “Closed Population” — there is no immigration or emigration to the population.

e “Constant Mortality” — The instantaneous total mortality rate is independent of age and year for ages
on the descending limb of the catch curve (i.e., constant).

e “Constant Vulnerability” — The vulnerability (if catch data is used) and catchability (if CPUE data is
used) of the fish to the fishery, for ages on the descending limb of the catch curve, is independent of
age and year (i.e., constant).

e “Unbiased Sample” — The sample is not biased regarding any specific age-group(s).
The longitudinal method has the following additional assumption,

e “Follow A Cohort” — A cohort can be accurately examined at multiple times.
Finally, the cross-sectional method has the following additional assumptions,

e “Constant Recruitment” — The initial number of individuals is the same for each year-class of fish.

o “Accurate Ages” — The fish in a sample can be accurately assigned an age.

Violations of these assumptions often lead to catch curves that are “bumpy”, convex, concave, or offset rather
than linear in the right descending limb (Figure 3).

2 Catch Curve Analysis

2.1 Step-by-Step Regression Method

The required data for estimating the instantaneous total mortality rate consists of the catches or CPUEs
from a fishery determined for each age of fish in the fishery (Table 2). As shown previously, these data can
be obtained by following a cohort through time or from a sample from one year in the fishery (although the
assumptions are different for each type of data).

The instantaneous total mortality rate can be estimated very quickly in R by plotting the natural log of
catches versus age to identify the descending limb of the curve and then fitting a regression model to the
data for the descending limb. The negative of the slope from fitting this model is the estimate of Z, or Z.
Because Z is essentially the slope of this model, the confidence interval for the slope is also the confidence
interval for Z. This process is illustrated below with catch-at-age data for coaster brook trout captured by
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Figure 3. Simulated catch curves to illustrate shapes when assumptions are violated. Each simulation (i.e.,
plot), unless otherwise, noted uses Ny = 1000 for each year-class, Z = 0.40, and incomplete recruitment until
age-4 and then constant recruitment for subsequent ages. In simulation I, a coefficient of variation for Vg
of 0.3 was used. In simulation II, constant multipliers of change in recruitment of 0.4, 0.7, 1.3, and 1.6 were
applied at age-6. In simulation III, geometric multipliers of Z by age of 0.8, 0.9, 1.1, and 1.2 were applied at
age-6. In simulation IV, the vulnerability of age-10 and older fish was cut in half (in run 1) and decreased
by 0.1 for each age (in run 2). In each plot, the catch curve with no assumption violations is shown as a
solid black line. In simulation I, the average of the three runs is shown as a solid blue line.

the U.S. Fish and Wildlife Service from 1996-1998 Tobin Harbor of Isle Royale (data shown in (Table 2);
Quinlan (1999.)).

The Tobin Harbor brook trout catch-at-age data were entered into R' and catches were immediately con-
verted to the natural log of catches with,

> age <- 0:6
> ct <= ¢(39, 93, 112, 45, 58, 12, 8)
> logct <- log(ct)

The catch-curve plot was produced with,

> plot(logct ~ age, pch = 19, ylab = "log(Catch)")

IThese data can also be obtained with data(BrkTrtTH) .



Table 2. Cross-sectional total catch-at-age of Tobin Harbor brook trout in fyke nets, 1996-1998.

Age  Catch
0 39
1 93
2 112
3 45
4 58
5 12
6 8
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Figure 4. Catch curve for the Tobin Harbor brook trout data.

From this plot (Figure 4) it was determined that the descending limb consisted of catches at ages 2 through
6. The subset of ages and natural log catches corresponding to the descending limb of the catch curve were
then extracted with,

> age.e <- agel[3:7]
> logct.e <- logct[3:7]

where it must be noted that the data for ages 2 through 6 are in rows 3 through 7. The linear regression
model applied to the descending limb is fit and then seen with,

> cc <- Im(logct.e ~ age.e)
> summary (cc)

Call:
lm(formula = logct.e ~ age.e)
Residuals:
1 2 3 4 5

-0.03147 -0.28332 0.63045 -0.28510 -0.03057

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 6.0699 0.5801 10.463 0.00186
age.e -0.6600 0.1367 -4.827 0.01695



Residual standard error: 0.4324 on 3 degrees of freedom
Multiple R-squared: 0.8859, Adjusted R-squared: 0.8479
F-statistic: 23.3 on 1 and 3 DF, p-value: 0.01695

From these results it is seen that Z is -0.66 with a SE 5 of 0.1367. The corresponding estimated annual
mortality rate (A) is obtained with (note the negative sign in the Z line),

> Z <- -coef(cc)[2]
> Z

age.e
0.659987

A\

A <=1 - exp(-2)
> A

age.e
0.483142

More importantly a 95% confidence interval for Z and an approximate 95% confidence interval for A is
obtained with,

> Z.ci <- ci.t(Z, 0.1367, 3)
> Z.ci

95% LCI 95% UCI
age.e 0.2249466 1.095027

> A.ci <- 100 * (1 - exp(-Z.ci))
> A.ci

95% LCI 95% UCI
age.e 20.14412 66.54696

Thus, from this sample of brook trout, the estimated instantaneous total mortality rate is between 0.225 and
1.095 and the estimated annual mortality rate is between 20.1% and 66.5%.

2.2 catch.curve() Function

The catch curve analysis depicted in the previous section can be more efficiently obtained with catch.curve()
. This function requires three arguments. The first two are the vectors of ages and catches to be used in
the catch curve. These vectors do NOT have to consist of only the descending limb of the catch curve. The
third argument is a vector identifying the ages (not the rows) corresponding to the descending limb of the
catch curve. The results of catch.curve() should be saved to an object which can then be submitted to
summary () to obtain the estimated slope and intercept of the regression model, to confint() to obtain
the confidence intervals for the slope and intercept of the regression model, and to plot() to return the
catch-curve with the descending limb highlighted, the regression model superimposed, and the mortality rate
estimates printed. Also note that summary() and confint() can take an optional type="1lm" argument
to return confidence intervals for the slope and intercept of the linear model.

The catch curve analysis for the Tobin Harbor brook trout using ages two through six is obtained with



> thcc <- catch.curve(age, ct, 2:6)
> summary (thcc, type = "lm")

Call:
lm(formula = log.catch.e

age.e)

Residuals:
1 2 3 4 5
-0.03147 -0.28332 0.63045 -0.28510 -0.03057

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 6.0699 0.5801 10.463 0.00186
age.e -0.6600 0.1367 -4.827 0.01695

Residual standard error: 0.4324 on 3 degrees of freedom
Multiple R-squared: 0.8859, Adjusted R-squared: 0.8479
F-statistic: 23.3 on 1 and 3 DF, p-value: 0.01695
> summary (thcc)

Estimate Std. Error t value Pr(>|tl])
Z 0.659987 0.1367410 4.826549 0.01695159
A 48.314197 NA NA NA
> confint (thcc)

95% LCI  95% UCI

Z 0.2248162 1.095158
A 20.1337012 66.551321

> plot(thcc)

The resulting plot is shown in Figure 5.
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Figure 5. Catch curve for the Tobin Harbor brook trout data.



2.3 Weighted Catch-Curve Regression

Maceina and Bettoli (1998) suggested that a weighted regression should be used with the catch-curve method
in order to reduce the relative impact of older ages with fewer fish. They suggested that an unweighted
regression should be fit to the descending limb of the catch curve and that the resultant model should be
used to predict the natural log number of fish in each age class. These predictions can then serve as the
weights to a second regression of the natural log of catches on age. The methodology of Maceina and Bettoli
(1998) can be implemented with catch.curve() by including the use.weights=TRUE argument. This is
illustrated below for the Tobin Harbor brook trout data,

> thcc2 <- catch.curve(age, ct, 2:6, use.weights = TRUE)
> summary (thcc2)

Estimate Std. Error t value Pr(>|tl)
Z 0.6430183 0.1417433 4.5365 0.02004993
A 47.4296703 NA NA NA

> confint (thcc2)

95% LCI 95% UCI
Z 0.1919280 1.094109
A 17.4633687 66.516206

3 Chapman-Robson Method

3.1 Background

Chapman and Robson (1960) (and Robson and Chapman (1961)) provided an alternative method for estimat-
ing the total annual survival (S), and thus the annual (A) and instantaneous (Z) total mortality, rate from
catch curve data. Their method was based on understanding that the catches at each age on the descending
limb of the catch curve followed a geometric probability distribution and then deriving a maximum likeli-
hood estimator for the survival parameter of this distribution. Their method, called the Chapman-Robson
method, is outlined below and the derivation of their method is shown in Appendix 6.

The Chapman-Robson estimate of the annual survival rate is,

T

S:n—i—T—l

(4)
where n is the total number of fish observed on the descending limb of the catch curve and T is the total
recoded age of fish on the descending limb of the catch curve. It should be noted that the ages are “recoded”
such that the first fully-recruited age on the descending limb of the catch-curve is set to 0. The total recoded
age is calculated as a weighted sum of the recoded ages where the weights are the catches at each age. The
standard error of this estimate is,

T T T-1 o T-1
SES_\/n—I—T—l<n+T—1_n+T—2>_\/S<S_n+T—2> 5)

If n is large, as it often is in fisheries catch data, then SE¢ can be estimated by,

SE; = 5(1;5)2 (6)



The Chapman-Robson estimates of S can easily be transformed into estimates of Z through the relationship
S = e~%. Thus, the Chapman-Robson estimate of Z is,

Zzwﬂﬁz—m<niil) (7)

and the large sample approximation of SE, (Jensen 1985) is

SE, =

SE;
5 ®

These calculations are illustrated below with the Tobin Harbor brook trout (assuming that the broo trout
were fully recruited to the fyke nets at age-2). The original data (Table 2) were modified for calculation of
the Chapman-Robson estimator of S as such,

Age | Recoded Age Catch Recode*Catch
2 0 112 0
3 1 45 45
4 2 58 116
5 3 12 36
6 4 8 32
sum 235 229
From this, it is seen that n = 235 and T = 229. Thus, S = 7235@2971 = 0.4946004 and SEg; =

\/0.4946004 (0.4946004 — 2352.25_92#1_2) = 0.02326041. Thus, an approximate 95% confidence interval for

S is 0.4946 4 2(0.0233) or (0.4480,0.5412). Furthermore, Z = —log(0.4946004) = 0.7040051 and SE, =

0.02326041
T aeie00a = 0.04702869.

3.2 chapman.robson() Function

More efficient calculation of the Chapman-Robson estimator can be made with chapman.robson() . The
function takes the exact same arguments and with information extracted with the same functions as described
previously for catch.curve() . The Chapman-Robson estimator of .S for the Tobin Harbor brook trout is
obtained with,

> thcr <- chapman.robson(age, ct, 2:6)
> summary (thcr)

Intermediate Statistics

n=235; T=229

Estimates with Standard Errors
Estimate Std. Err.

S 49.460043 2.32607488

Z 0.704005 0.04702937

> confint (thcr)

10



95% LCI 95% UCI
S 44.9010202 54.019066
Z 0.6118292 0.796181

4 Catch Curve vs Chapman-Robson

Dunn et al. (2002) provided an excellent review of past examinations of the regression and Chapman-Robson
methods and their own examination of the precision and bias properties of these two methods in the face
of stochastic errors related to Z, number of fish at time of recruitment to the fishery, sampling, and ageing.
Overall, they found that the Chapman-Robson estimator was most precise and least biased; however, the
advantage over the regression method declined somewhat with increasing amounts of stochastic error and
increasing values of Z.

Chapman and Robson (1960) proposed that the regression methods should exclude from the analysis all
age-classes above the age where the catches fall below five individuals. Dunn et al. (2002) considered a
modification of this suggestion where the cutoff catch value is one individual. In their analyses, Dunn et al.
(2002) found that their modified suggestion generally performed better than the regression using all available
age-classes, but that the suggestion of Chapman and Robson (1960) actually performed worse. Thus, if the
regression method is used it is suggested that all age-classes beyond the first age-class where one or fewer
individuals is observed should be excluded from the regression analysis.

The work of Dunn et al. (2002) also showed that, in the face of only stochastic sampling variability, the
Chapman-Robson estimator was very slightly positively biased, primarily for larger values of Z, but only on
the order of approximately 2-3%. In contrast, the regression estimator had a strong negative bias on the
order of 20%. The modified (excluding all age-classes beyond where one or fewer individuals were observed)
regression estimator had a negative bias on the order of 2-5% with the larger values occurring when Z was
larger. These results suggest that estimates of Z with the regression method may be serious underestimates.

Finally, other methods for estimating total mortality rates have been proposed (e.g., Heincke (1913), Jackson
(1939), Ssentengono and Larkin (1973)). However, various studies have shown that these methods perform
less well than the Chapman-Robson and regression methods described here.

5 Comparing Z Between Groups

A common problem in fisheries research is to determine if two groups or populations of fish have the same
instantaneous total mortality rate. For example, a researcher may want to determine if Z differs between
sexes, between species, between lakes, or between treatments. These types of questions reduce to determining
whether the slope computed from the catch curve differs between the groups. This type of question can be
answered by including an indicator and interaction variable to the catch curve regression analysis. This
section shows, through an example, how to use those methods to determine if the instantaneous mortality
rate differs between fish captured from two different areas.

Moshenko and Low (1980) examined the statistics from the lake whitefish fishery in Great Slave Lake,
Northwest Territories in 1979. The catch statistics were grouped into catches from five areas. In particular,
they wanted to determine if the instantaneous total mortality differed between the two areas labeled as II
and V. The catch and ages on the descending limbs of the catch curves were entered into separate vectors
initially as such,

age.II <- 10:13

catch.II <- c(220, 90, 39, 14)
age.V <- 12:16

catch.V <- c(156, 59, 23, 12, 5)

vV VvV Vv Vv
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These vectors were then combined to create one age and one catch vector,

> age <- c(age.II, age.V)
> catch <- c(catch.II, catch.V)

A third vector must then be created so that the ages and catches in the combined age and catch vectors are
distinguishable by area. This vector can be constructed in the following manner,

> area <- factor(c(rep("II", length(age.II)), rep("V", length(age.V))))

The three vectors can then be viewed with

> data.frame(age, catch, area)

age catch area

1 10 220 II
2 11 90 II
3 12 39 II
4 13 14 II
5 12 156 \Y
6 13 59 v
7 14 23 v
8 15 12 v
9 16 5 v

The full model fit to these data that can be used to determine if the instantaneous mortality rate (i.e., slope)
differs between the two areas is fit and analyzed with

> cc.comp <- 1m(log(catch) ~ age * area)
> anova(cc.comp)

Analysis of Variance Table

Response: log(catch)

Df Sum Sq Mean Sq F value Pr(>F)
age 1 10.4119 10.4119 1326.3434 2.939e-07
area 1 2.2390 2.2390 285.2196 1.331e-05
age:area 1 0.0131 0.0131 1.6666 0.2532
Residuals 5 0.0393 0.0079

The p-value for the interaction term (0.2532) suggests that the slope and, thus, the instantaneous mortality
rate does not differ significantly between the two areas. The fit of the model (Figure 6) can be observed
with,

> fit.plot(cc.comp, legend = "topright")

It should be remembered that the sample size in these calculations is the number of ages on the descending
limb of the catch curve. Samples size, and thus power, for most analyses is small. Therefore, relatively large
differences in Z must be observed before statistical differences will be identified.
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log(catch) ~ age * area
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Figure 6. Catch curve comparison for Great Slave Lake lake whitefish captured in area-II and area-V.
6 Appendix

Chapman-Robson Estimate of S

The probability that a fish survives from one age-class to the next age-class is A. Thus, the probability that
a fish lives to age-0, meaning that it died in its first year of life, is A. The probability that a fish lives to
age-1, meaning that it survived its first year of life but died in its second year, is SA, where S is the annual
survival rate, or (1 — A)A. Similarly, the probability that a fish lives to age-2 (survived each of its first two
years of life but died in the third year) is SSA or (1 — A)2A. Thus, the probability that a fish lives to the
generic age x (survived z years to die in the last year) is given by f(x) = S*A or f(x) = (1 — A)*A for
x =0,1,2,.... Thus, the probability that an individual survives to age-z is a random variable that follows
a geometric probability distribution with p = A).

If the fish in a sample can be thought of as independent then the likelihood function for the sample of n
individuals is given by,

The log-likelihood function is then,

I(A) = <§”: :E) log(1 — A) +nin(A)
i=1

The derivative of the log-likelihood function is,

13



x
) = n

A - 1-at12

This derivative is then set equal to zero and solved for A. The first steps in this are

diA) _
aa Y
Zx

i=1 n_
T1ata?

Zw

n_ =1

A 1—-A

Z:r

1-4_ =

A n

The usual solution for a geometric distribution is to substitute Z = “=— on the RHS and solve for A.
However, to more quickly get to the solution given by Chapman and Robson (1960) it is beneficial to

substitue T = Z x on the RHS and S=1— A and A =1— 5 on the LHS and then solve for .S,

i=1

S T
1-8 n
Sn=T-S8T
Sn+ ST =T
Sn+T)=T
T
S:n+T

Thus, the maximum likelihood estimator for S is MLT

It is beyond the scope of this vignette to prove this but this estimator of S is slightly biased and the estimator
derived by Chapman and Robson (1960), which subtracts one from the denominator, provides an unbiased
estimator of S that is also minimum variance. Typically the values of n and T will be very large relative to
1 and, thus, the subtraction of 1 in the denominator has very little effect on the estimator.

14
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